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Abstract
Some aspects of postian algebraic equations and functions over an arbitrary r-Post algebra
are considered. Principally, two questions are addressed: (1) resolution of a general algebraic
system of p equations and/or q inequations in n unknowns, (2) characterization of uniquely
solvable postian equations.
O. Introduction
The question of equations in general distributive lattices could be considered as
initiated by the papers of Goodstein [10] (lattices with °and 1) and Rudeanu [15]
(without °and 1). In 1973, we published some results relative to parametric solutions
of algebraic equations, inequations and systems in Post lattices, some without proof,
as specific extensions of the boolean case [18, 19]. In 1974, a paper! was devoted by
Beazer [1] to various results in algebraic equations in Heyting, Stone and Post
algebras. Later on (1975), in a chapter of his doctoral dissertation [2], Bordat
published some results on algebraic equations over a Post lattice. Some interconnec-
tions between these various papers will be briefly discussed.
In this paper, we will first study the algebraic equation in one unknown f(x) = 0,
for which we give a general parametric solution (Theorems 4 and 5). We also state the
reproductive character of the solution. For algebraic equations in n unknowns of the
form:
f(x) = 0, (1)
where f is some polynomial and x E P", we first give a consistency condition
(Theorem 7). We then propose, for its complete resolution, two alternative methods:
first the procedure of successive eliminations: transposition to postian case of a wel1-
1 Pointed out by S. Rudeanu, in his comments to this paper.
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known boolean method provides an algorithmic and effective procedure leading to an
algebraic equation in one unknown. The method allows us to prove that the range of
a postian polynomial - which is no longer an interval as in the boolean case -
contains a greatest and a smallest element (Theorem 8). A second method for pn, in
Lowenheim style for boolean theorems, requires for complete resolution, a specified
solution of the equation: we shall call it the reproductive solution method (Theorem
9). We make here a general use of the underlying postian ring structure, and specially
of the ring difference, here introduced for the first time, mainly for the sake of effective
computation, and which appears to be a very powerful tool: for instance, it allows us
to write any postian algebraic equation or inequation in the form f(x) = O. As
indicated below, some of our previous results are reproduced in the first part of this
paper.
Finally, using the postian ring difference, it is proved (Theorem 10), that any postian
system, which is reducible to a canonical form of one equation of the form (1), is
completely parametrically solvable.
With the help of Theorem 9, we have also studied the case of uniquely solvable
postian equations. In the boolean case, this question had been largely studied,
specially by Whitehead [23], and Parker and Bernstein [13]. We describe completely
the form of uniquely solvable equations in the postian case (Theorem 14), thus
extending a well-known boolean theorem from [23]. Our method makes a natural use
of Theorem 9, as a postian analogue of a Lowenheim's theorem.
At the end of the paper, we propose, as an exemple of functional equation over
a 3-Post algebra, the research of postian functions generalizing in a certain way
Boolean Sheffer's stroke.
1. Post algebras
Given an integer r ~ 2, let P be a r-Post algebra, where x v y and xy wi11 denote
supremum and infimum of the elements x and y, and whose center (i.e. sublattice of
complemented elements) is denoted by B (x will denote the complement of the boolean
element x). We shall use the following notations and results:
(I) The underlying chain is denoted by
<r> = {O = eo < el < ... < er-l = 1}.
(2) Every element x of P has a unique representation2
j=r-l
X= V Xr-j·ej, wherexiEBandxl~x2"'~Xr-1'
i= 1
2 See [8, p. 303]. We denote Epstein's Dr-dx) by Xk' See also [6,7).
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The (r - 1) boolean elements X;, subject to the ascendant chain condition, will be
called the boolean components of x.
(3) It follows that every element x of P admits another unique representation,3 in
disjunctive form
i~r-l
X = V xl·e;,
i~O
where the Xi satisfy the orthonormality conditions:
i=r-l
V Xi = 1 and Xi. xi = 0 (i ;f j).
i~O
The r boolean elements Xi will be called the postian components of x.
(4) The postian components of a conjunction are [8, Theorem 12, p. 305]
(xy)O = XO v yO and (xy)k = xk V yi V yk V xi (1 ~ k ~ r - 1).
i?-k i?-k
Corollary 1.1. (xy)k ~ xk v yk,for 0 ~ k ~ r - 1.
As to the postian components of a disjunction, we have:4
(x v y)O = XOyo and (x v yt = xk V yi V yk V xi (1 ~ k ~ r - 1).
i'" k i '" k
(5) Extending some useful boolean notation, we shall use the following postian
exponential notation [18,20]. Let us denote:
xei = Xi (0 ~ i ~ r - 1).
Then, for x = (x 1, ... , xn)E pn, and IX = (IXJ, ..• , IXn ) E <r >n,
r- 1
xa = Il (XiYi.
i~O
It is easily shown that
"Ix E pn V Xa= 1 and xa·x fJ = 0 (1X;f {3).
aE(")"
(6) For every element x E P, let us call x* = sup(y E P: x· y = 0), the pseudo-
complement of x [8, p. 302; 14]. x* is the boolean element
Pseudo-complementation is a lattice duality verifying:
x* = 1 ~ x = O.
3 See [8, pp. 300-301]. We denote Epstein's Ci(x) by Xi.
4 idem.
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(7) Every r-Post algebra admits an underlying r-ring structure, according to the
following result [9, 11, 20, 22]. If we define:
(x + Yr= V XS • i and (x ® y)i = V XS • i
(s +I ~ i[r]) (SI ~ i[r])
then (P, +, ®) is a commutative ring with unity, admitting r for ring characteristic.
(Equality modulo r is denoted [r].) Furthermore, if the modulus r is a prime, then:
(Vx E P) x(r) = x ® ... ® x = x.
(8) Consequently, as to the ring additive group structure, every element x admits
a symmetric ~ x, verifying: ('" X)k = xr - k[r1• In fact, as to the ring difference:
a 6. b = a + ('" b),5 we have, for °~ k ~ r - 1: [a 6. b]k = V~;;;6 ai[rJ.bi-k[rl. Parti-
I I · [ /\ b]o vr-1 i. bicu ar y. a L...), = i~O a .
Hence we get the following useful result, which I could not find in the literature:
Proof. We have
Corollary 1.2.
r-1
a = b ~ °= Vai ·f/
i=O
(9) Given an r-Post algebra M, we shall say that a sublattice Q of M is a postian
subalgebra of M if it verifies
(a) xEQ => (Vi=O,1,oo.,r-1)xi EQand
(b) (Vi=O,1,oo.,r-1)eiEQ.
We gave this definition in [18, pp. 25-26], and it is (strictly) stronger than Bordat's
definition [2, pp. 16-17]. It is clear that any intersection of postian subalgebras is
a postian subalgebra. Thus, given any non-void subset A of P, there exists a least
subalgebra containing A, which is called the postian subalgebra generated by A. For
instance, it is possible to identify the standard element of the postian subalgebra
generated by a finite subset [18, Theorem 9, p. 26].
5 11 should be noticed that the restriction of 6. to the center B, which is not symmetric for r ~ 3, does not
coincide with the boolean symmetric difference Et> of B. In fact, if a and b are two boolean elements, we just
get, if r ~ 3:
(a6.b)O = ab v iib( = a Et> b); (a /\ W= iib;
(a6.W=O (2'::;k'::;r-2,ifr~4); (a6.br 1 =ab.
M. Serfati/ Discrete Mathematics 152 (1996) 269-285 273
We will now apply the definition to the case when M is a functional r-Post algebra
consisting of all functions from pn to P (P is an arbitrary r-Post algebra), and A is the
family of projections.
(10) A postian polynomial in n variables over an r-Post algebra P is an element f of
the postian subalgebra generated in p(P") by the family of projections (Pt, pz, ... ,Pn),
that is to say, if x=(Xt, ... ,Xn)Epn, then Pk(X)=Xk' Then f verifies the normal
disjunctive form theorem6
f(x) = V f(tt.)·xa•
Cl:E(")"
We had proposed this definition of postian polynomials in [18, p. 51], from which it
follows that every postian polynomial in our sense verifies the normal disjunctive form
theorem, and that, conversely, every postian function verifying the normal disjunctive
form belongs to the subalgebra generated by the family of the projections (these
results are proved in [18, Theorem 9, p. 24]).
It should be emphasized that Beazers' definition of algebraic functions over a Stone
algebra [1, p. 192], does not coincide with ours, if we consider a Post algebra as
a natural particular case of a Stone algebra. For instance, let P be a chain with three
elements, and b: P~ P defined by:
Then b is a postian polynomial in our sense (it verifies the normal disjunctive form
theorem; in fact, b is a very common function: the usual lattice involution b (see below;
Section 5)). However, b is not algebraic in Beazer's sense, since it does not verify the
congruence substitution property (idem, [1, p. 192]). We have, as an example
1** = ej*( = 1).
But
b(1) = 0 and b(ed = et.
Then
b(I)** = 0** = 0 # b(ed** = 1.
Thus, not every postian function verifying the normal disjunctive form theorem is
algebraic in Beazer's sense.
Normal disjunctive forms are unique and have properties of 'transparency' relative
to the usual Post operations (conjunction, disjunction, boolean and postian compo-
nents, negation, duality, ring sum and product, ... ), all being consequences of the
following result (see [8, 19, 4], relative to the Post components of f(x), where f is
6 See [8, p. 306; 18]; also [4] (for the case when P is a chain with three elements).
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[ V f(IX)'XaJi = V [f(IX)J'Xa (O~ i~ r-l).
aE(r)" aE(r)"
(11) The set of all postian polynomials in n variables over P is itself an r-Post
algebra, denoted by Qn(P). Iff is a postian polynomial, then f(x) = 0 is a postian
algebraic equation.
Finally, let us recall here two theorems for boolean algebraic equations, due to
Lowenheim and Whitehead, which will be extended to the postian case by
Theorems 11-14.
Theorem 2 (Lowenheim [12]). Let B be a boolean algebra, f and g two boolean
polynomials over B, in n variables, such that f(x) = 0 is consistent. The following two
conditions are equivalent:
(1) f(x) = 0 ~ g(x) = O.
(2) 'Ix E Bn : g(x) ~f(x).
It follows that, for two boolean polynomials f and g (such that f(x) = 0 is con-
sistent): (f = g) <:> [f(x) = 0 <:> g(x) = 0]. In other words, a boolean polynomial
which has roots is uniquely determined by the set of its roots. As to uniquely solvable
boolean equations, we have the following theorem.
Theorem 3 (Whitehead [23]).7 Let B be a boolean algebra, fa boolean polynomial over
B, in n variables. The following two conditions are equivalent:
(1) f(x) = 0 is uniquely solvable
(2) f(x) has theform f(x) = V?=1 (Xi (f) a;),for some a = (aI, ... ,an) in pn. ((f) is the
symmetric difference.)
2. Algebraic equations in one unknown
Letfbe a postian polynomial in one variable. We then must solve
f(x)=O= V xaI(IX)
aE(r)
or
,-1
V Xi. Zi = 0 (Zi = f(IXi))'
i=O
Then we have the following consistency result.
7 See also [13; 16, p. 171].
(2.1)
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Theorem 4 (Serfati [19, p. 678]). A necessary and sufficient conditionfor Eq. (2.1) to be
consistent is:
r-1
TI Zi = O.
o
A solution of (2.1) is then
r-1
~ V *X = Zi ·ei •
o
We shall call X a fundamental solution.
(2.2)
(2.3)
Corollary 2.1. Relation (2.3) does not provide the postian components ofthefundamental
solution. As to this point, we get:
TI
l:::;;s~r-l
Z*s
and,for 1 ~j ~ r - 2,
(X)i = zj TI z;.
j+l~s~r-l
(2.4)
Assuming the condition fl~-l Zi = 0 be valid, let us solve V~:J Xi. Zi = O.
The following theorem provides a general parametric reproductive solution of
Eq. (2.1).
Theorem 5 (Serfati [18, 19]8). There exists afamity ofr solutions (Xo, ... ,Xr - d of Eq.
(2.1), called fundamental solutions, such that every solution x can be written in the
following parametric form: x = cp(d) = V~-l di • Xil where d = V~-l di • ei is an arbit-
rary parameter in P. Moreover, <jJ defines a reproductive solution, that is, for every x,
<jJ(x) = x.
Remark. The proof of the first part of the result, which depends on the proof of
Theorem 4, can be found in [19, p. 678; 18, pp. 89-90]. It makes a systematic use of
a cyclic transformation group, operating on the roots of the equation and on the
solutions taken in the form (2.4). The reproductive character of the solution, not
explicitly stated before, is an obvious consequence of the proof.
Corollary 2.2 (Rudeanu83). The postian components (Xp)i (0 ~ j ~ r - 1) of the r
fundamental solutions Xp provided by Theorem 5 are explicitly given by the following
8 In his comments to this paper, S. Rudeanu, introducing directly the explicit values of the fundamental
solutions - which were not given in my previous papers - proposes a large simplification in the proof of
Theorem 5, which is sketched below (Corollary 2.2).
8a Gieven by S. Rudeanu in his comments to this paper.
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formulas (2.5):9
IXplj=z;( TI z:) forO:S;j:s;p-l.
j+l~s~p
IXplP = z~.
IXpIP+I = TI zt,
O::::;s.:s;r~t
". r + !
(205a)
(2.5b)
(2.5c)
IXl = C"D"" z;) C+I "D~,-! z.;) zj for p + 2:s;j:s; r - 2. (2.5d)
1Xp1r-I=( n Z;)Z:_I' (205e)
o ~.\ ~ P
Remark. A sketch of Rudeanu's simplification in the proof is as follows: It is easily
checked that the system X is orthonormal. Moreover, we have
V Zi(Xp)i = Zp+l(X p)P+I.
O.:s; i ~ /' - I
On the other hand, condition (2.2) implies
V z; = 1, Le. TI Z;" = 00
O~i:o:;;,.-I O:S.; i ~ I' - 1
O.:s;.\.:s; r- 1
""'r+!
We then get Zp+ 1(X p)P+ 1 = 0, thus proving that Xpis a solution of (2.1).
3. Equations in n unknowns; consistency; range of a polynomial
Let us first state a technical result.
Theorem 6. The general algehraic postian equation in n unknowns{(x) = V,e<,)" x' 'f~ = ek'
where j~ E P, is equivalent to a boolean-valued equation oj' the kind V,e<,)" x'· g, =
0, where g, E B. In fact. g, = (f~t
Proof. fix) = ek <=> fk(x) = 1 <=> [V,e<,)"x'-f~r = 1 = V,e<,)"x"(f~t
Complementing the last expression, which is a purely boolean normal disjunctive
form, we get
f(x)=ek <=> V X'·(f~)k=O. D
:,(E<I')l1
9 These explicit values (2.5) are due to S. Rudeanu (cf. foot note 8).
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Remark. Applying the result to n = 1, and k = 0, we see that, in the case studied in
Section 2, we could have assumed everywhere Zi E B (in such a case: z~ = Zi and
Zf = z;).
As to the consistency conditions for the general case of n unknowns, we have the
following theorem, which we had previously given without proof.
Theorem 7 (Serfati [19]10). A necessary and sufficient condition for the equation
l(x) = VaE<r)n xafa = 0 to be consistent is naE(r)nfa = O.
Proof. II The result is true for n = 1, according to Theorem 4. We assume that it is
true for any element of Qn-tCP) and letfE Qn(P).
Distinguishing among the terms, according to the value of XI, we get:
f(x)= V xl'x~2 .. ·x~nf(cxl'0(2"",()(n)=O
aE<r)n
the consistency condition of which, relatively to XI is, according to Theorem 4:
This has the form
(3.1)
(3.2)
According to the induction hypothesis, this equation is consistent relative to
(Xl, ... ,xn) iff
f1(a2 .... an)E(r)n - 1 (3.4)
Application (The method of successive eliminations). Assuming (3.4) to be fulfilled,
let us solve (3.1):
10 Stated without proof in [19, Theorem 7, p. 678]. Cf. also Beazer [1]. S. Rudeanu, in his comments to this
paper, pointed out Beazer's Theorem 4.8 (pp. 199-201), which proposes an equivalent result, with a slightly
more complicated proof.
II An equivalent result is shown by Carvallo [5], for the case in which P is a finite chain with r elements.
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which we write, by (3.2), as an equation relative to x l' Eliminating XI leads to:
gl(X2, ... ,Xn ) = 0, an algebraic equation in (n - 1) unknowns, and, repeating the
procedure, we get
(3.5)
an algebraic equation in one unknown, which has been parametrically completely
solved. Each solution of (3.5) is in turn substituted into gn - 2 (Xn- 1, Xn) = 0, thus
describing a tree-like procedure of resolution for Eq. (3.1). This is a very simple and
effective procedure, directly inspired from boolean methods. 12 Some computational
remarks, as well as examples can be found in [18, pp. 65-66].
Let us now remind that the range of a boolean polynomial over Bn is an interval
of B,13 namely [m(f), M (f)], where m(f) and M (f) are the maximum and the
minimum of f over Bn• This situation, in fact due to the 'convexity' of (2), is
unfortunately no longer true for postian polynomials since, even restricted to one
variable, the range offmay not be an interval. 14 However, we get the following result.
Theorem 8. Let f E Qn( P). The range off contains a smallest and a greatest element,
namely: flae(r>"J. and Vae(r>"fa'
Proof. Let
c = n J. and d = V J..
~~~ ~~~
We have
(VX E pn)f(x) = V J.xa~ V J. = d.
ae(r>" ae(r>"
(3.6)
Let us now apply (3.6) to 15(f), where 15 is the usual involutive lattice duality of p:15
(15(X))k = Xr - k- 1, for every k. Then
15(f)(x) ~ V 15(fa) = 15 ( n fa).
ae(r>" ae(r>"
Then
f(x)~ n fa=c.
ae(r>"
(3.7)
12 See [16, pp. 69-84; 11, pp. 29-37] (for a full account of the method in the boolean case). See also
[20, p. 90-95].
13 This theorem is due to Schroder: Vorlesungen iiber die Algebra der Logik, vol. I Section 19, Leipzig 1890.
A modern presentation is in [16, Theorem 2.4, pp. 66-67].
14 For instance, with P = (3), and f defined by f(O) = f(etl = 0 and f(e2) = e2'
15 Hence, equipped with i>, every r-Post algebra is a De Morgan Algebra. See [8; 7, p. 59; 18, p. 33].
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We shall now prove that equation
f(x) = TI fa = C
aE(,.>"
279
(3.8)
is consistent.
According to Corollary 1.2, (3.8) is equivalent to V~:~ ciJi(X) = 0 = g(x), the
consistency condition of which is, according to Theorem 4:
Let
(
r-1 ) r-1 ( _)0= TI ga = TI V ciT(rx) = V ci TI fai .
aE(,.>" aE(,.>" i = 0 i = 0 aE(,.>"
( ) [ Ji ( )(ji = ci TI J! = TI fa TI fai .aE(,.>" aE(,.>" aE(,.>"
(3.9)
For every indexed finite family Xk (1 :::; k:::; s) of elements of P we have, according to
preliminaries (4),
[}J, XkJ:::; kY1 (xd\
a property which when applied to the indexed family fa (rx E <r >n), gives (ji = 0 for
every i. Therefore (3.9) is valid. Then f(x) = c is consistent. Applying the duality (j, we
prove in the same way that f(x) = d is consistent too. 0
We may now state the following result, in Lowenheim style for boolean poly-
nomials, which provides a general reproductive solution for a postian algebraic
equation, when it is known to have some specific solution.
Theorem 9 (Serfati [21]). LetfEQn(P),
f(x) = 0, (E)
be the general algebraic equation in one unknown and u E pna specified solution of (E).
Then, the general solution of (E) can be written in the following form:
x =f*(p)·u v f*(p)·p = cp(p), (3.1 0)
where p is some parameter in pn. Moreover, relation (3.10) defines a reproductive solution
of (E), that is,for every x, ¢(x) = x.
The proof can be found in [21]. S. Rudeanu, in his comments to this paper, pointed
out that our result, although different from Beazer's Theorem 3.3 [1, p. 193], is
formally close to it. In fact, Beazer states that, if P is a Stone algebra and f an m-ary
function over P, which has the congruence substitution property, and if the equation
f(x" ... ,xm ) = 0 over P has a particular solution u, then the general solution is:
x =f(p)·u v f* (p).p. (3.11 )
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In fact, every Post algebra is certainly a Stone algebra, but the two results cannot be
compared in any way since our definition of postian polynomials does not coincide
with Beazer's definition of algebraic functions; see preliminaries (10), supra. However,
our result does apply to any postian function verifying the normal disjunctive form
theorem, while Beazers' result does not.
On the same subject, namely generation of the general solution of a postian
algebraic equation from a particular one, S. Rudeanu also pointed out Bordat's result
[2, Theorem 10, p. 128].
Bordat's theorem appears to be weaker than ours, since it gives an equivalent result
relative to equations of the form f(x) = 1, only in the case whenfis restricted to be
a B-valued postian polynomial, while our result does apply to the general case of any
P-valued polynomial. 16
Let us now go back to the case of postian systems of equations and inequations:
If 6. denotes the ring difference, then f,,(x) = gdx) is equivalent to (f" 6. gd(x) = 0,
when (f" 6. gk) = Fk is a postian polynomial. 17 An analogous result is true for postian
inequations. Hence, we get the following result.
Theorem 10 (Serfati [19, p. 677; 18, Theorem 27, pp. 55-56]). Every postian algebraic
system of p equations and/or q inequations, in n unknowns
is equivalent to a single equation: H(x) = 0, where HE Qn(P).18
4. Uniquely solvable postian equations
In the preliminaries, we have recalled some of Lowenheim's and Whitehead's results
for the boolean equation f(x) = 0. As to Post algebras, in the same directions, we get
the following two results.
Theorem 11. Let P be an r-Post algebra,f and g two postian polynomials over P, in
n variables, such thatf(x) =°is consistent. The twofoUowing conditions are equivalent:
(l)f(x)=O ~ g(x)=O.
(2) '<:Ix E pn: g(x) ~f*(x).
16This specific point was emphasized by S. Rudeanu.
17 In the case of an equation which has the formf(x) = ei, we get immediately the reduced formf'(x) = I,
that is, (fi)*(X) = O.
18 For the case P is a chain with n elements, and for a system containing equations in the formf(x) = a,
Carvallo proposes a method (without proof) in [3].
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Proof. Clearly (2) implies (1). On the other hand, take u such that f(u) = O. Then
g(u) = 0, while, according to Theorem 10, the general parametric reproductive solu-
tion off(x) = 0 is x =f*(p)·u v f*(p)·p, for every p in pn. Then
(l;fpEpn) O=g(u)=f*(p)·g(u)vf*(p)·g(p)=f*(p)·g(p).
Then
I;fp E pn: g(p) ~f*(p). D
Corollary 4.1. rr f is a B-valued postian polynomial, then, within the hypothesis oj
Theorem 12, g(x) ~ f(x).
Corollary 4.2. Iff and 9 are two postian polynomials over P, in n variables, such that
r(x) = 0 is consistent, and subject to the equivalence
f(x)=O ~ g(x)=O,
then
g(x) ~f*(x) and f(x) ~ g*(x)
i.e.
g*(x) = f*(x).
Theorem 12. Let P be an r-Post algebra, f and 9 E Qn(P), such that the equations
f(x) = ei for 0 ~ i ~ r - 2 are consistent. If one has the implication
f(x)=ei => g(x)=ei forO~i~r-2
then
I;fx E pn: g(x) ~f(x).
Proof. We havef(x) = ei ~ ji(x) = 1 ~ ji(x) = O. Thenji(x) = 0 => gi(X) = O.
- -
Then, by Corollary 4.1: gi(X) ~ ji(x), and
(I;fi: 0 ~ i ~ r - 2) (I;fx E pn):fi(x) ~ gi(X). (4.1)
Since gi(X)' gj(x) = 0, for i of j, it follows first from (4.1)
foriofj and 0~i,j~r-2 ji(x)·gj(x) =0. (4.2)
Using then the postian components of a disjunction, according to preliminaries (4), we
get first, for i = O.
(4.3)
Furthermore,
(f(x) V g(X))k = f(xl V g(x)j v g(X)k V f(x)j (1 ~ k ~ r - 2).
j~k j~k
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Using (4.2) and (4.1), we then get:
(f(x) v g(X))k = f(X)k'g(X)k = f(xt for 1:::; i:::; r - 2.
Moreover, gi(X) :::;fi(x), for 0:::; i:::; r - 2. Thus
,-2 ,-2
f(xY- 1 = TI f(X)i ~ TI g(X)i = g(xY- I.
i=O i=O
Then
(f(x) v g(X))'-1 =f(Xy-1 v g(Xy-1 =f(Xy-I.
From (4.3)-(4.5), it follows:f(x) v g(x) = f(x), that is g(x) :::;f(x). 0
(4.4)
(4.5)
Theorem 13. Assuming that the (r - 1) equations f(x) = ei (for 0:::; i:::; r - 2) to be
consistent, the following two conditions are equivalent:
(l)f(x)=ei <=> g(x)=edorO:::;i:::;r-2.
(2) Vx E pn: g(x) = f(x).
Proof. Obvious, according to Theorem 12. D
Hence, conclusions of Theorems 12 and 13, as compared to those for the boolean
case (Theorems 2 and 3) show that, if r ~ 3, a postian polynomial f, which admits
roots, is not uniquely determined by these roots, which here appear only as solutions
of the equation f(x) = ei> in the particular case i = O. The following result now
describes completely the form of uniquely solvable postian equations:
Theorem 14. Let f E Qn(P) and 0:::; i:::; r - 1. The following two conditions are
equivalent:
(1) The equationf(x) = ei has a unique solution.
(2)fi has the form: t(x)=n~~~(xkLad*, for some a=(al,a2, ... ,an) in
pn(obviously: x = (Xl, X2, ... ,Xn)).
Proof. f(X) = ei <=> fi(x) = 1 <=> fi(X) = O. Besides,
(x=a) <=> (Vk) (l:::;k:::;n)
According to Theorem 1, (a L [3)* = Vj~~-I ai . [3i. Then (x = a) is equivalent to
k-n
(Vk) (Xk L ak)* = 0 <=> V (Xk L ad* = 0 = ga(x) = TI (Xk L ad*·
I", k '" /I k= 1
Then, the equation f(x) = ei admits a single solution, iff there exists some a in pn such
- -
that: t(x) = 0 <=> ga(x) = O. Than, t and ga are two B-valued postian polynomials
such that: t(x) = 0 <=> ga(x) = O.
According to Corollaries 4.1 and 4.2, ga =t or ga =p.
M. Serrati/ Discrete Mathematics 152 (1996) 269-285
5. Example of a postian functional equation (a possible postian extension
of Sheffer's operator)
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Let P be a 3-Post Algebra. Let us determine all postian polynomials f: p 2 -+ P such
that
(a) If p and q are boolean elements of P:f(p, q) = p.i}.
(b) f(p, q) =f(q, p).
(c) f(el' ed = el'
(d) For every (p, q) E p 2:f(f(p, p),f(q, q)) = p. q.
Let us notice that, while conditions (a), (b) and (d) are extensions derived from the
boolean case, condition (c) is purely postian. We have
i.j= 2
f(p, q) = V O(i.jpiqj
i.j=O
(then O(i.j = f(ei, ej) (0:::; i,j:::; 2)). Thus, we must determine the matrix Q, associated
tof:
[
0(0.0 0(0.1 0(0.2 ]
Q = 0(1,0 0(1,1 0(1,2 EM3(P),
0(2.0 0(2.1 0(2.2
Condition (a) implies:f(O, 0) = 1 = 0(0.0' In the same way
0(0.2 = 0(2.0 = 0 and 0(2.2 = O.
Condition (b) gives O(i.j = O(j.i (i =I j).
Then, using condition (c) we get:
From condition (d)
f(p, q) = pO'qO V O(.(pO.ql V pl. qO) V p.(pl. q2 V p2. ql) V el' pl. ql. (5.1)
Then
f(p, p) = po v e1pl = p2eo v pl e1 v pOe2'
in disjunctive form. Then
We then recognize f(p, p) = c5(p), where c5 is the involutive lattice-duality of P.
Substituting into (5.1), we get
f(f(p, p),f(q, q)) =
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which is a postian polynomial in two variables, the matrix of which is
and must coincide, according to condition (d), with the matrix of the conjunction,
which is:
Then, we get just one solution, namely f3 = 0 and !Y. = Cl- Then:
!(p,q)=po'qO v (pO'ql v pl'qO v pl.ql)·Cl
gives a unique solution to the problem, namely !(p, q) = J(p) -J(q).
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